CH 23 — FRACTIONAL EQUATIONS

0 INTRODUCTION

fractional equation is an equation with one or more fractions in

it. Since any fraction is really a division problem, it seems
reasonable that we could solve such an equation by multiplying each
side of the equation by something. What should that something be?
The LCD (Least Common Denominator) of all the denominators in the
equation works perfectly.

O SoLVING FRACTIONAL EQUATIONS

EXAMPLE 1: Solve for z: 2+6 _ z+4 _ 2
4 6 3

Solution:
First step: Determine the LCD; it’s 12.

Second step: Multiply each side of the equation by the LCD.

Third step: Distribute, cross-cancel, and solve the equation.

Multiply each side of the equation by 12, the LCD:

zZ2+6 z+4) _ 2
12( 6z j_m(gj

Distribute (and write 12 as % if you’d like):

12(z+6) _ 12(z+4) _ 12(2
1 4 1. 6 1.3
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1.

Cross-cancel, thus removing all fractions from the equation:

) 8-

3(z+6)—2(z+4) = 4(2)

Now solve for z in the usual way:
3z+18-2z-8 = 8
z+10 = 8

z = -2

CHECK: Let z = -2 in the original equation. Do NOT do any
algebra; just do simple arithmetic on each side:

z+6  z+4 2
4 6 3
-2+6  -2+4
4 6
4_2
4 6
_1
1 3
2 v
3
Homework
Solve and check each equation:
m,m _ 6 b_b_1
574 75 b 976 = 3
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n_n _ r_r_1
c. 3779 1 d. 573 3
2. Solve and check each equation:
m—4 . m+6 _ b-4 _b+6 _
a. g + 5 - 2 b. 5 4 3
c+3 c+5 _ 1 k+4 k-4 _
c 3 + 5 3 d. 5 3 1

EXAMPLE 2: Solve for x: %+% =w

Solution: The LCD is xz (remember, the w can be written % ).
Therefore, we shall multiply each side of the equation by xz:

2 + Y = w (the original equation)

X <
= Xz (% + %j = xz(w) (multiply each side by xz, the LCD)
= x < [%j +X X (%j = xzZ(w) (distribute and cross-cancel)
= 2z+xy = wxz (simplify)
= Xy —wxz = -2z («’s to the left; the rest to the right)
= x(y —wz) = -2z (factor out the x, the GCF)
= x = —2z (divide each side by y — wz)

y—wz

CHECK: Very challenging — give it a try.
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Homework

. a_X _ . Y.c _u

3. Solve for x: b g © 4. Solve for y: Tt ”

5. Solve forn: £ +¥ = b 6. Solveforz: ¢-X =pp
h n X zZ n

7. Solve for c: ﬁ+§ = 8. Solveforn: ¥ +M = (g
m c w n i

. . 6 _ 1
EXAMPLE 3: Solve for d: 7 7.9 79

Solution: The LCD is d — 2, so this is what we’ll multiply each
side of the equation by:

ety = [

= (d-2)(7)-(d~2) ( ngéj = (ﬁLffJ ( %j (distribute)
= 7d-2)-6 =1 (cross-cancel)
= Td-14-6 =1 (distribute)
=  7d-20 =1 (simplify)

= 7d =21 (add 20)

= |4d=3 (divide by 7)
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CHECK: Put 3 in for d in the original equation:

_ b 1

-q-3 d—2
__6 _1

7 3-2 3-2
_6 1

7 1 1

7T—-6 1

1 v

The sides balance, so d = 3 1s the solution.

EXAMPLE 4. Solve foru: 1-16.28 —

Solution: The LCD is u?. Multiply each side of the equation by

2
u

2

u2(1—1§~+2§j = 12(0)
u y

u2() - u? (mj 412 [%} = 42(0)  (distribute)
u u

=
= u? - 16u+28 =0 (cross-cancel)

= w-14)w-2) =0 (factor)

= u-14 =0or u-2 =20 (set each factor to 0)
=

u =14 or u = 2

You should check these two potential solutions to make sure that
both of them really work in the original equation.
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EXAMPLE 5: Solve for m: mm +8=_=9

Solution:  We begin as usual by multiplying each side of the
equation by the LCD; in this problem it’s m + 9:

[m+9](m’29 +8j = [m+9](m_39j

= [m + 9] m’ﬁ g+ [m + 9] 8 = [m + 9] m_—fg (distribute)

= m+8m+72 = -9 (cross-cancel)

= 9Im+72 = -9 (combine like terms)
= 9m = -81 (subtract 72)

= m=-9 (divide by 9)

Now for the check; put -9 in for m in the original equation:

m -9
m+9+8 m+9
9 9
9918 9+9
-9 -9
0 "8 0

Hold it right there!! We have zero on the bottom of a fraction.
Continuing with this calculation is meaningless, since we have an
undefined fraction (two, actually). We’ve reached the end of our
check. Does this mean we made a mistake in solving the
equation? Absolutely not! We did everything according to the
rules, so it must be that the equation is inherently flawed. Thus,
our only candidate for a solution, —9, has failed to truly be a
solution. We have no choice but to admit that there’s no number
that will make the original equation true. Our conclusion:

No solution
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EXAMPLE 6. Solve for x: 5 _ 3 -y
x+1 x+3

Solution:  Multiply each side of the equation by the LCD:
(x + 1)(x + 3). Then distribute, cross-cancel, and solve the
resulting quadratic equation by factoring.

Multiply each side of the equation by the LCD, (x + 1)(x + 3):

(x+1)(x+3)(%— xi?)j = (@+D)(x+3)(4)

Distribute the LCD, and then cross-cancel:

(x+T)(x +3) (ﬁ} —(x+ 1) E+3) (ﬁj = (x+1)(x+3)(4)

Bx+3)—3(x+1) = 4(x+ 1)(x + 3)

Distribute on the left and double distribute on the right:
5x+ 15— 3x—3 = 4(x* + 4x + 3)

Combine like terms on the left, and distribute on the right:
2x+12 = 4x* + 16x + 12

Since we have a quadratic equation, bring all terms to one side:
0 = 4x” + 14x

Turn the equation around and factor:
2¢2x+7) =0

Set each factor to 0:
2 =0 or 2x+7 =0

Solve each linear equation:

x =0or x = —

[NJEN

CHECK: I'm tired; you check both solutions.
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EXAMPLE 7: Solve for y: y-2 _ y+1
y+1 y—8

Solution:  Multiply each side of the equation by the LCD:

0+00-8(272) = -9 2]

Cross-cancel the common factors on each side of the equation:

CaRlt —8{%} = <y+1>®\81[§<+g

And simplify: Notice that this equation
/ can be found directly
-8y -2) = @+DO+7) from the original

Double distribute on each side of the equation: ~ €duation by “cross-
multiplying.”
y2—10y+16 = y> +8y+7

Subtract y2 from each side of the equation:
-10y+16 = 8y + 7

Finally, solve for y in the standard way:

— = _ = _ = __9 = l
18y + 16 7 = —18y 9 = y 13 5
y=1
CHECK:  2=2 y+7
y+1 y—8
1_ 1
9 2 2+7
1 1_
2+1 5 8
_3 15
_2 2
3 _15
2 2
-1 -1 v

Ch 23 - Fractional Equations



Homework

9. Solve and check each equation:

4x 1= _9 1.,2_5
a. x—8+1 " x-8 b. 2n+n 6
c 1—2—6—;}—0 d. g+%=—10
a
4 6 _ 9 9 _
© t+1 t+3 2 £ b-1 b+3 3
xX+2 _ x+5 -5 _ -6
& x14 X h o = o1
. 970 _ _ -8 _ 88 _
Yy x 1 ) g+1 g+1 )
1,2 _8 2 , 1 _
k 2a%3a " 5 L 8 m+e

O ELECTRONICS APPLICATION

The electrical circuit shows a voltage

source, along with two resistors wired in
parallel. The TOTAL resistance in the e S
circuit, R, 1s related to the resistors R, — ¥
and R, by the formula

R1

1 _ 1.1
By R K
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EXAMPLE 8: A parallel circuit contains
two resistors, one with a
resistance of 82 and the
other with a resistance of
5Q. Find R, the total
resistance in the circuit.

Solution:  Using the formula we can

Resistance can be
measured in a unit
called ohms, (named
after Georg Ohm) and
abbreviated using the
Greek capital letter
omega, Q.

write
1 1.1
= = =4 =
R, 85
1 1
= —_ = ==
R, ~ 40
= RT = % (take the reciprocal of each side of
the equation)
= RT ~ 3.08Q
EXAMPLE 9: Solve the total resistance formula for R, .

Solution:  We start, of course, with the given formula:

1 _ 1.1
E, "R R,

The LCD is R R R,, so we multiply each side of the formula by

the LCD, which clears out the fractions:

[RTRle](RLT} - [RTRlel%jHRTRlRZ][R%}
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Now simplify by cross-canceling:
RR, = RpR,+RyR,

= RR,-R,R - R.R,

= R(R,-Rp) = R;R,

_ R Ry,
R,-R;

Homework

10. A parallel circuit contains two resistors, one with a resistance of
5Q and the other with a resistance of 0.2Q. Find RT, the total
resistance in the circuit.

11. Solve the total resistance formula for RT )

12. Solve the total resistance formula for Rz-

O MORE MOTION PROBLEMS

The key to solving motion problems a while back was to use the
formula rt = d: the product of the rate (speed) and the time is the
distance. We can solve for ¢ by dividing each side of the formula by r,
thereby getting a formula for time:

t=4d

r

This formula should make sense. For instance, if you travel a distance
of 200 miles at an average rate of 50 miles per hour, your travel time is
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t = = 4 hours

d _ 200 miles
r 50 miles per hour

This formula for time is the key to Examples 10 and 11.

A note for you science people: What justifies the above calculations
where miles over miles per hour turned into hours? | will try to prove
to you that miles divided by miles per hour must turn into hours:

mi
m__ 1 _mi.mi_mi hr _mi hr _ hr _4,
mi mi 1 hr 1 mi 1 ofi 1
hr hr

EXAMPLE 10: Maria hikes up a 30-mile mountain trail. She

then rents a pair of skis and skis back down the

trail. Her skiing speed is 9 mph faster than her
hiking speed. If Maria spent a total of 7 hours
on the trail, what were her hiking speed and

her skiing speed?

Solution: Let’s set up a table, with the top row stating our
standard motion formula: Rate x Time = Distance. The next
two rows are labeled “Hiking up” and “Skiing down.”

Rate x Time = Distance

Hiking up

Skiing down

The first thing we can see is that the distance up the mountain
and the distance down the mountain are the same, 30 miles.
Also, since the speed skiing down the mountain is 9 mph faster
(more than) the hiking speed up the mountain, we can let A
represent the hiking speed, which implies that A + 9 is the skiing
speed:
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Rate x Time = Distance
Hiking up h 30
Skiing down h+9 30

So far, so good. But what about the Time column? The problem
says nothing about the time it took to hike up the mountain or
the time it took skiing back down to the bottom. Here’s where

d

the time formula discussed earlier, t = > comes to our rescue.

For the “Hiking up” row, using the formula for ¢ and the values of
r and d in the table, we get

t = d = @
r h’
and for the “Skiing down” row we get
t = d = 30
r h+9

Our table is now completely filled in:

Rate x Time = Distance
Hiking up h % 30
. 30
Skiing down h+9 ) 30

Now it’s time for an equation. The only given information that
we haven’t used yet is the fact that Maria spent a total of 7 hours

on the trail, part of the 7 hours hiking up and the other part
skiing down. In other words, the hiking time plus the skiing time
equals 7 hours; we have our equation:

30, 30 _
n T hig !

Ch 23 - Fractional Equations



14

This is a fractional equation; the LCD is A(h + 9), so we multiply
each side of the equation by the LCD:

B[nn+9)] + ;20 [n(h+9)] = 7[h(h+9)]

A little cross-canceling simplifies things to
30(h + 9) + 30(h) = 7(h% + 9h)

which distributes out to become the quadratic equation
30h + 270 + 30h = Th” + 63h

Bringing all the terms to the right to achieve standard quadratic
form gives

0 = 7h? + 3h - 270
From here we factor and set each factor to O:
0 = (7Th + 45)(h — 6)
= Th+45 =0 or h-6 =0

= h=—475 or h =6

A negative rate doesn’t make sense in this problem, so we’ll
discard it and keep the value of 6 for A, the hiking speed, making
the skiing speed h +9 = 6 +9 = 15. We're finally done:

Her hiking speed was 6 mph
and her skiing speed was 15 mph.

EXAMPLE 11: Jason can go 15 miles upstream in his

motorboat in the same time he can go 63 miles
downstream. If the speed of his boat is 13 mph
in still water, what is the rate of the current?
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Solution:  We again create a table, with our distance formula in
the top row, and “Upstream” in the second row and
“Downstream” in the third row. Let’s put some data into our
table right now, noting that the upstream distance is 15 mi while
the downstream distance is 63 mi.

Rate x Time = Distance
Upstream (against 15
the current)
Downstream (with
63
the current)

Next, we analyze the rate (speed) column of the table. First, we
see that the problem tells us that Jason’s motorboat can go 13
mph in still water, without any current affecting the speed.

Second, notice that the problem asks for the rate of the current.
It’s time for the variable; we’ll let ¢ = the rate of the current.

Third, we need to carefully think about the meaning of the terms
“upstream” and “downstream.” Going upstream means that the
boat is going in the opposite direction of the current, which
hinders the boat’s normal speed. Thus, the upstream rate is the
boat’s normal speed minus the rate of the current:

upstream rate = 13—c¢

Going downstream means that the boat is going in the same
direction as the current, which boosts the boat’s normal speed.
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So the downstream rate is the boat’s normal speed plus the rate

of the current:

downstream rate = 13+c¢

We can now fill in the Rate column of the table:

Rate x Time = Distance
U :
pstream (against B 15
the current)
D ith
ownstream (wit 13 4 ¢ 63
the current)

The expressions that go into the Time column are based on the

time formula we wrote in the previous example: ¢ = %
Rate x Time = Distance
oo e | gl |
coman et | 1yee | 2 | o

It’s now time to come up with an equation. Notice the phrase “in
the same time” in the problem. This means that even though
Jason traveled different distances at different speeds as he
traveled upstream and downstream, it took the same amount of
time for each part of the trip. Hence, our equation is found by
setting the two Times equal to each other:

15 _ 63
13-c¢ 13+¢

Multiply each side of the equation by the LCD, (13 — ¢)(13 + ¢):

(13- )13+0)] 15“’_’ ~ = 1;3 _[18-0)13+0)]
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13.

14.

15.

17

Cross-cancel the common factors:

[13=0)(13+¢) |1 e M[a:a 0)(13+0) |

This leaves
1513 +¢) = 63(13-0¢)
= 195+ 15¢c = 819 -63c
78c = 624

U

= c =8

We conclude that

The rate of the current is 8 mph.

Homework

Phil hikes up a 32-mile mountain trail. He then rents a pair of
skis and skis back down the trail. His skiing speed is 8 mph
faster than his hiking speed. If Phil spent a total of 6 hours on
the trail, what were his hiking speed and his skiing speed?

Raya can go 9 miles upstream in his motorboat in the same time
she can go 33 miles downstream. If the speed of her boat is 7
mph in still water, what is the rate of the current?

Ann hikes up a 30-mile mountain trail. She then rents a pair of
skis and skis back down the trail. Her skiing speed is 4 mph
faster than her hiking speed. If Ann spent a total of 8 hours on
the trail, what were her hiking speed and her skiing speed?
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16. Marcus can go 7 miles upstream in his motorboat in the same
time he can go 147 miles downstream. If the speed of his boat is
11 mph in still water, what is the rate of the current?

Practice
Problems

17. Solve for x:

18. Solve for x:

b
19. Solve for a: 1—25+m =0

a
20. Solve for x: X 4 % =3

21. Solve for x: +

22. Millie hikes up a 30-mile mountain trail. She then rents a pair of skis
and skis back down the trail. Her skiing speed is 10 mph faster than
her hiking speed. If Millie spent a total of 8 hours on the trail, what
were her hiking speed and her skiing speed?

23. Joseph can go 35 miles upstream in his motorboat in the same time he
can go 175 miles downstream. If the speed of his boat is 15 mph in still
water, what 1s the rate of the current?
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10.

13.

16.

19.

22.

19

5 mph and 15 mph

Ch 23

a m=§ b. b=1 c. n=-6 d r=2
_ _ — 19 _
a. m=4 b. b =-106 c. c¢=-7% d. k=-14
_ abc—a® _ a®—abc — dtu—ctw
S b YT
_ —hxw _ hxw _ _an
" T cx—bh  bh-cx 6. 2 mn+x
- —mwz _ mwz — _lu
“T bw-mn mn—bw 8. n dt—m
a. x=% b. n=3 c. a=16,-4
d g=-4,-6 e. t=0,-5 f. b=3,-5
g x=—2—70 h. ¢g=-1,7 i, x=5-14
j.  No solution k. a= é_?, . m=-4,-7
R R
R, ~ 0.192Q 11. R, = i % 12. R, = 5 =
R +R, R, - Ry
8 mph and 16 mph 14. 4 mph 15. 6 mph and 10 mph
-_15 = _byz
10 mph 17. x 1 18. «x ab—ay
a =10, 15 20. No solution ~ 21. x= 5,%

23. 10 mph
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“It 1s the Law that any difficulties
that can come to you at any time,
no matter what they are, must be
exactly what you need most at
the moment, to enable you to
take the next step forward by
overcoming them. The only real
misfortune, the only real tragedy,
comes when we suffer without

learning the lesson.”

— Emmet Fox
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